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Edge states in a boundary layer Recent progress in understanding transition to turbulence has been boosted by a new vision rooted onto dynamical systems theory in which transition and turbulence stem from the apparently random bounce of the system's trajectory among mutually repelling flow states, which are exact, albeit unstable, solutions of the Navier-Stokes (NS) equations. [1] [2] [3] [4] [5] [6] Some of these solutions, called edge states, live in phase-space on the boundary between the laminar and the turbulent states (the edge of turbulence), acting as relative attractors for the states evolving along their stable manifold. [7] [8] [9] Evidence for the validity of such a description of transition has been found for the cases of parallel flows such as pipe, plane Couette and Poiseuille flows, with periodic conditions in the streamwise direction.
2,4,6,9,10 Very recently, localized solutions have been found 9,11-14 which appear to be relevant to describe the onset of transition induced by disturbances which grow and, eventually, invade the flow in the form of turbulent spots. In the present letter, we extend the concept of edge of turbulence to a spatially developing flow, such as the boundary-layer flow over a flat plate, aiming to identify some of the structures living on it. The results of the present analysis suggest the existence of relative attractors which are formed by hairpin vortices and streamwise streaks.
The stability of a boundary-layer flow over a flat plate has been analyzed numerically, the Reynolds number being defined as
Ã , and U 1 are the kinematic viscosity, the inflow boundary-layer displacement thickness, and the freestream velocity of the Blasius base flow, respectively. The nondimensional NS equations are integrated by a second-order-accurate fractional step method. 16 A domain with L x ¼ 2000, L y ¼ 20, and L z ¼ 10:5 has been chosen, x, y, and z being the streamwise, the wall-normal, and the spanwise directions, respectively. The inlet of the computational domain is located at x in ¼ 200. Boundary conditions are set as follows: the Blasius velocity profiles has been imposed at the inlet; a convective condition at the outlet; the no-slip condition at the bottom wall; the Blasius wall normal velocity and zero vorticity at the upper boundary points; finally, periodicity is imposed in the spanwise direction. After a grid-convergence analysis, a mesh made up by 7001 Â 150 Â 61 pointsstretched in the wall-normal direction -has been selected. The trajectories on the edge have been computed at Re ¼ 610 following the shooting procedure proposed by Skufca et al. 7 For spatially developing boundary-layer flows, the Reynolds number increases along the streamwise direction and it may happen that the flow becomes supercritical with respect to Tollmien-Schlichting (TS) waves. This is indeed our case, since the flow is already supercritical for Re ¼ 610. As a consequence, the definition of the edge of turbulence needs to be generalized with respect to that employed for the analysis of stable parallel base flows, 17 and thus we define the edge of turbulence as the dividing set in phase space between trajectories which go to turbulence at "short times" with the perturbation energy increasing monotonically, and those which experience a substantial drop of the perturbation amplitude and energy, and eventually go to turbulence following a "long time" path because of the amplification of TS waves. Phase-space trajectories closely approximating the edge are computed initializing the flow using the linear and non-linear optimal perturbations provided in Ref. 18 (see Figs. 3 and 4 therein), the perturbation vector u ¼ ðu; v; wÞ T being defined with respect to the spatially developing Blasius flow. These optimal perturbations, computed in order to allow an optimal growth of the energy at short times, show different features and symmetries. In particular, the linear optimal is characterized by vortices aligned with the streamwise direction, whereas the non-linear optimal contains spanwise-inclined vortices. This distinction is believed to be crucial for the subsequent evolution of the flow. Following the procedure provided in Refs. 7 and 19, a bisection method is employed. The value of the initial energy E 0 ¼ uðt ¼ 0Þ Á uðt ¼ 0Þ h i (where the symbol hi indicates integration over the computational domain) is determined such that the trajectory of the flow evolves freely along the boundary between the laminar and the turbulent state, unraveling the structure of the edge attractor. Since we are dealing with localized perturbations which spread in space, the time history of their global energy does not characterize well their local amplitude evolution. (2011) we use the peak value of the streamwise component of the perturbation, u max , to track the disturbance on the edge. This variable is plotted in Fig. 1 for four different trajectories following the edge for about 1200 time units, from t % 100 to t % 1300. In the non-linear case, the edge is found for a lower initial energy (E 0 % 0:00444) than that needed by the linear optimal perturbation (E 0 % 0:0756). The values of u max achieved on the edge trajectories are of the same order for the two initializations, indicating that the lower disturbance energy level attained by the nonlinear optimal is related to its spatial compactness at small times. The irregular time history of u max suggests the presence of a complex chaotic attractor living on the edge. Such a non-smooth behaviour is very similar to that found in pipe 11 and plane Couette 12 flows in large domains. It is noteworthy that, for such cases, localized flow structures have been found to characterize the edge state.
Therefore, the perturbation on the nonlinear edge trajectory (solid black thick line in Fig. 1 ) has been analyzed in order to ascertain the existence of an attracting structure. Fig. 2 shows the surfaces of the streamwise component of the velocity perturbation and of the Q-criterion, identifying the vortical structures within the flow at t ¼ 300 and t ¼ 700, two values of time sufficiently large to render the influence of the initial perturbation negligible. The disturbance is characterized by a main hairpin vortex placed at the leading edge of the packet, followed by a population of quasi-streamwise vortices (green surfaces), some of them presenting an inclination on their dowstream part, inducing secondary hairpin structures and streaks close to the wall (blue surfaces). The localized wave packet increases its size in the streamwise direction while it is convected downstream by the mean flow. The spatial spreading of the edge structure is due to the spatial development of the Blasius flow, which induces an increase with time of the local Reynolds number at the "center" of the wave packet. This is a crucial difference with respect to the case of localized edge structures in plane Couette or pipe flows 12, 14 and explains why in this case the edge of turbulence cannot be studied by monitoring only the energy of the disturbance, but another measure is needed. Normalizing the abscissa with respect to the center of mass of the packet, computed on the basis of the energy as
, where i indicates the grid points in the streamwise direction and
i is the local perturbation energy, we recover a wave packet which maintains a quasi self-similar shape as it evolves in time. The presence of this weakly varying flow structure, living on the edge of turbulence, suggests the existence of a relative chaotic attractor embedded in the edge, like in the case of pipe flows 11, 19 and Couette flows in very long domains. 12, 14 The hairpin flow structure strongly resembles the exact coherent solution in plane Couette flow recently found in Ref. 10 , indicating that coherent structures of this type could be embedded within the edge state of boundary-layer flows. Similar hairpin structures have been also experimentally recovered on the edge of turbulence in pipe flows. 20 The hairpin vortices are also visualized in Fig. 3 which provides snapshots of the perturbation taken at the abscissa x ¼ 650 for three time instants (the corresponding video shows the whole time sequence from t ¼ 500 to 700). The first frame of Fig. 3 shows the typical signature of the head of the main hairpin vortex; the following one shows a pair of K-vortices at their joining point; the third one shows the signatures of two pairs of quasi-streamwise vortices turning into small hairpin structures. It is interesting that these structures present a symmetry with respect to the wall-normal direction, indicating that the streaks are undergoing oscillations of varicose type. Moreover, low-and high-momentum zones at the leading edge of the wave packet (first frame) are placed quite away from the wall and move closer to the wall at the trailing edge (third frame). This is related to the finite inclination of the wave packet with respect to the streamwise direction, a feature typical of turbulent spots in boundary layers. In particular, by visualizing the streamwise component of the perturbation on a side view (the first frame of Fig. 4 shows the section at z ¼ 2), one can notice that the wave packet is composed by an overhang region at the leading edge, a body and a long tail at the upstream end of the disturbance. This pattern recalls very closely the structure of turbulent spots visualized in experiments 21 and simulations. 22 Moreover, the leading edge of the wave packet is convected downstream at a larger velocity than the trailing edge, i.e., U lead ¼ 0:87U 1 and U trail ¼ 0:53U 1 , the presence of the main hairpin vortex at the leading edge explaining the large value of U lead . Remarkably, such values of velocity are very close to the advection velocities of the edges of a turbulent spot. 22 All of these features induce to identify the wave packet living on the edge of turbulence as the precursor of a turbulent spot.
Different structures can be identified on the edge when the flow is initialized by the linear optimal disturbance. The perturbation on the edge trajectory has been extracted from the DNS corresponding to the solid thin gray line (red online) in Fig. 1. Fig. 5 shows the surfaces of the streamwise component of the velocity perturbation and of the Q-criterion, identifying the vortical structures within the flow at t ¼ 300 and t ¼ 700. The disturbance is characterized by quasi-streamwise vortices (green surfaces), on the flanks of two low-velocity streaks (blue surfaces) modulated in x. These structures are clearly visualized in Figure 6 which shows snapshots of the perturbation taken at the abscissa x ¼ 650 for three time instants (the corresponding video shows the whole time sequence from t ¼ 500 to 700). All of the three sections show two low-and two high-velocity streaks, induced by pairs of quasi-streamwise vortices, with strong oscillations in the spanwise direction. The high-momentum zones are placed closer to the wall than the low-momentum ones; however, the streaks are placed at a lower wall distance than in the nonlinear case. Moreover, the wave packet does not show a noticeable angle with respect to the streamwise direction, meaning that a "overhang region" is not present, as also shown in the second frame of Fig. 4 . It is also interesting that, unlike the wave packet previously analyzed, these structures do not present any symmetry with respect to the wall-normal direction, indicating that the streaks undergo sinuous-type oscillations. The advection velocities recovered for such an edge structure are U lead ¼ 0:72U 1 and U trail ¼ 0:55U 1 ; thus, this wave packet has a lower spreading rate than the previous one, and this is probably due to the absence of hairpin vortices. The presence of two different flow structures living on the edge of turbulence suggests the existence of at least two different embedded relative attractors.
Finally, in order to study the evolution of disturbances in the proximity of the laminar-turbulent boundary, we visualize the chaotic attractors in phase space by tracking the trajectory of the perturbations. For the case of parallel flows such as the plane Couette flow, 23 the dissipation rate and the energy input are usually chosen as state variables, both based on L 2 norms. In the present case, due to the non-parallelism of the flow, an L 1 norm appears appropriate. Therefore, following the theoretical work in Ref. 24 , the maximum values of the three components of the velocity have been chosen as state variables. The left frame of Fig. 7 shows a trajectory following the laminar-turbulent boundary (black thick curve) as well as the trajectory of the nonlinear optimal perturbation with E 0 ¼ 0:1 (thin gray line, red online) rapidly leading the flow to turbulence. The two trajectories highlight the more complex structure of the turbulent attractor (top right of the frame) with respect to the relative attractor corresponding to the edge state associated with lower amplitude levels. The latter repels any perturbation living outside the edge surface, influencing their route toward turbulence. Indeed, depending on its initial energy and shape, the perturbation may spend a considerable amount of time wandering around the attractor or its route to turbulence may be strongly deviated when passing in the neighbourhood of the edge state. 11, 15 A similar dynamics is recovered for an initial linear optimal disturbance, as shown in the right frame of Fig. 7 , but the trajectories on the edge (see insets of the two frames) appear quite different. These results lead to the conclusion that, in the case of the spatially developing boundary layer, relative attractors exist which are embedded in the edge of turbulence. Remarkable differences have been found between the edge structures identified for two different initial disturbances, indicating that the edge state for the boundary layer is not unique. The edge structure reached by a linear optimal perturbation requires a (relatively) large initial energy level to be reached, and it is less efficient in spreading out in space/ time. We call this the "streak-dominated edge state." On the other hand, the one induced by the nonlinear optimal perturbation follows a low-energy route to transition and is very efficient in inducing and spreading out turbulence. This is defined the "hairpin-dominated edge state." The shape of the wave packet and its advection velocities indicate that the edge state reached by the nonlinear optimal perturbation is the precursor of a turbulent spot. The spatial spreading of such a coherent structure leads to the formation of a spot and signals the initiation of turbulence; this occurs when the system's trajectory abandons the edge surface and follows the low-dimensional unstable manifold which leads to turbulence. The presence of the slowly varying, unstable flow structures found here suggests the existence of localized exact coherent states embedded in the edge for the case of spatially developing boundary layers. 
